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Uniform potential density for rational points on
algebraic groups and elliptic K3 surfaces
Kuan-Wen Lai Masahiro Nakahara
Abstract
A collection of varieties satisfies uniform potential density if each of them contains
a dense subset of rational points after extending its ground field by a bounded degree.
In this paper, we prove that uniform potential density holds for connected algebraic
groups of a fixed dimension over fields of characteristic zero as well as elliptic K3
surfaces over number fields.
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1 Introduction
A variety X over a field k satisfies potential density if there exists a finite extension L/k such
that the set of L-rational points X(L) is Zariski dense. For example, abelian varieties over
number fields satisfy potential density [HT00, Proposition 3.1], while rational points do not
have to be dense over the original field. In [BT00], Bogomolov–Tschinkel proved potential
density for K3 surfaces X over number fields with an elliptic fibration, though it is not known
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INTRODUCTION
whether X(k) is dense as soon as it is non-empty. In this paper, we consider whether the
degree of the extension L/k can be taken uniformly with respect to the geometric properties
of X :
Definition 1.1. A collection C of varieties satisfies uniform potential density if there exists a
constant dC such that for any X/k ∈ C, there exists a finite extension L/k of degree bounded
by dC such that X(L) is Zariski dense.
We allow the members in C to be defined over different ground fields k. The constant
dC is also independent of the ground field. Examples of collections of varieties that satisfy
uniform potential density include
• smooth curves of genus zero (they can be realized as plane conics, and so the rational
points are dense after a quadratic extension);
• del Pezzo surfaces (see Proposition 2.3);
• torsors under simple linear algebraic groups of a fixed dimension [Tit92].
Our first main theorem builds on the last example to prove uniform potential density for
all connected algebraic groups:
Theorem 1.2. Uniform potential density holds for the collection of connected algebraic
groups of a fixed dimension over fields of characteristic zero.
In particular, this implies that uniform potential density holds for abelian varieties of a
fixed dimension. We also compute an explicit bound dC for the degree of the field extension
in the case of abelian varieties (see Theorem 3.10). To prove Theorem 1.2, we use Chevalley’s
structure theorem to divide the problem into two parts: uniform potential density for (1)
abelian varieties (Corollary 3.11), and for (2) torsors under connected linear algebraic groups
(Corollary 3.20). For abelian varieties, we use Zarhin’s trick to first embed an abelian variety
into a projective space with bounded degree. Then we use the Mordell–Lang conjecture to
construct a non-torsion point over a bounded extension of the ground field. From there
we use an inductive argument while keeping track of degrees of extensions to construct a
rational point that generates a dense subgroup.
For torsors under connected linear algebraic groups, we start with a result of [Tit92]
which concerns the splitting fields of geometrically almost simple groups. More precisely, he
showed that the degree of field extension to make such a group split can be taken to divide
an integer which depends only the type of the group. We then show that one can deduce the
uniform potential density for torsors under geometrically almost simple groups, and then to
semisimple groups, and finally to connected linear algebraic groups.
Our second main theorem extends the result for elliptic K3 surfaces by Bogomolov and
Tschinkel [BT00]:
Theorem 1.3. Uniform potential density holds for the collection of elliptic K3 surfaces over
number fields.
Note that the analogous statement for curves of genus one fails (Proposition 3.1). We
also compute explicitly the constant dC that one can take for potential density to hold. See
2
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Theorem 4.17 for details. Our proof of Theorem 1.3 follows that of potential density in
[BT00]. While some of their constructions can be done over the ground field, others require
an extension whose degree is unknown. We begin by using a result of [Min87] on finite
subgroups of GL(n,Z) to show that the geometric Ne´ron–Severi group can be defined over
a bounded extension of the ground field. The key problem is then to bound the degree of
the field of definition of an elliptic or rational multisection which is used to produce rational
points. This is done using lattice theory in Lemma 4.14.
Theorem 1.3 provides an evidence to the following conjectures in the case of K3 surfaces:
Let C = {(X, k)} be a collection of smooth and geometrically integral varieties X over
number fields k. Let Br(X) denote the Brauer group of X and define
Br0(X) := im(Br(k) −→ Br(X)).
We say C satisfies
• (UBEB) Uniform boundedness of exponent for Brauer groups if, for every integer d > 0,
there exists a constant cd such that cdα = 0 for any α ∈ Br(XL)/Br0(XL) where
X/k ∈ C and L/k is an extension such that [L : k] ≤ d;
• (BMWA) Brauer–Manin obstruction is the only one to weak approximation if for any
X/k ∈ C and finite extension L/k, we have X(L) dense in X(AL)Br.
• (UPLS) Uniform potential local solubility if, there exists a constant c such that for
any X/k ∈ C, there exists an extension L/k of degree ≤ c such that XL is everywhere
locally soluble.
Theorem 1.4. Let C be a collection of smooth projective geometrically integral varieties X/k
over number fields such that H1(X,OX) = 0 and NS(Xk) is torsion-free of bounded rank. If
C satisfies UBEB, BMWA, and UPLS then it also satisfies uniform potential density.
For K3 surfaces over number fields, both UBEB and BMWA are conjectures ([VA17],
[Sko09]), see §5 for a discussion. It would follow from these conjectures that uniform po-
tential density holds for all K3 surfaces over number fields provided that UPLS holds. Our
Theorem 1.3 can be taken as further evidence towards these conjectures.
Organization of the paper: We discuss uniform potential density for algebraic groups
in §3 and for elliptic K3 surfaces in §4. The reader can start from either section as they
are independent of each other. The relationship between uniform potential density and the
Brauer–Manin obstruction is discussed in §5.
Acknowledgements: We thank Zinovy Reichstein for his kind help for dealing with the
case of algebraic groups. We thank Daniel Loughran for his suggestion of including del Pezzo
surfaces for uniform potential density and his comments on the first draft of the paper. The
second author was sponsored by EPSRC grant EP/R021422/2.
2 Finite subgroups of general linear groups
We begin with the following well-known result due to Minkowski.
3
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Theorem 2.1 ([Min87]). For every positive integer n, there are only finitely many isomor-
phism classes of finite subgroups in GL(n,Z).
See [KP02] also for a discussion on this theorem. Motivated by this result, we make the
following convenient notation which will be used throughout the paper.
Definition 2.2. For every positive integer n, we define cn to be the maximal cardinality
among the cardinalities of the finite subgroups in GL(n,Z).
Notice that the constant cn increases as n increases since GL(n,Z) is a subgroup of
GL(n + 1,Z). Theorem 2.1 will be critical in proving uniform potential density for many
cases later on. As a quick first application, we prove that del Pezzo surfaces satisfy uniform
potential density.
Proposition 2.3. Let X be a del Pezzo surface over an infinite field k. Then there exists
an extension L/k of degree at most c9 such that X(L) is Zariski dense.
Proof. Over the separable closure ks, we have Pic(Xks) ≃ Zρ where 1 ≤ ρ ≤ 9. As the
Picard group is finitely generated, there exists a minimal finite separable extension L/k such
that Pic(XL) = Pic(Xks). The Galois action on Pic(Xks) gives rise to a homomorphism
Gal(ks/k) −→ GL(ρ,Z)
which has Gal(ks/L) as the kernel. In particular, Gal(L/k) ∼= Gal(ks/L)/Gal(ks/k) appears
as a subgroup of GL(ρ,Z), which is finite as L/k is finite. It follows that
[L : k] ≤ cρ ≤ c9.
The condition Pic(Xks)
Gal(ks/L) = Pic(Xks) implies that every (−1)-curve on Xks is defined
over L. Contracting them gives a birational morphism XL → P
2
L, whose inverse produces a
dense subset of rational points on XL from P
2(L).
Remark 2.4. The upper bound c9 in Proposition 2.3 can possibly be improved as the Galois
action factors through the subgroup of GL(ρ,Z) that preserves the intersection product on
the Picard group. We omit the intersection product for the sake of simplicity. Similar
situation occurs in Theorem 4.17 when we are dealing with elliptic K3 surfaces.
3 Uniform potential density for algebraic groups
In this section, we establish uniform potential density for connected algebraic groups over
fields of characteristic zero. We start by studying basic properties about rational points on
elliptic curves, then use it to establish uniform potential density for abelian varieties. We
then prove unifrom potential density for torsors under connected linear algebraic groups.
We finish proof of Theorem 1.2 by combining these two results via Chevalley’s structure
theorem.
Most of the results in this section are proved over fields of characteristic zero, but some
statements hold over more general fields.
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3.1 Genus one curves versus elliptic curves
Uniform potential density fails for curves of genus one, however, it holds for elliptic curves,
i.e. genus one curves that contains a rational point. Let us explain these two facts below.
Proposition 3.1. The collection of genus one curves over number fields does not satisfy
uniform potential density.
Proof. Fix an elliptic curve E over a number field k. Recall that the genus one curves over
k which are isomorphic to E over the algebraic closure k are classified by the Weil–Chatelet
group H1(k, E). For every genus one curve C over k, its index iC is defined as the greatest
common divisor of the degrees of closed points on C. It is well known that H1(k, E) is
torsion and that the order of [C] ∈ H1(k, E) divides iC .
For any integer n, the Kummer sequence of Gal(k/k)-modules
0 // E[n] // E
×n
// E // 0
induces the exact sequence
E(k)/n(E(k)) // H1(k, E[n]) // H1(k, E)[n]
The group H1(k, E[n]) is infinite. (See Lemma 4.8.) Since E(k)/nE(k) is finite by the
weak Mordell–Weil theorem [Sil09, VIII, Theorem 6.7], the group H1(k, E)[n] is infinite. In
particular, there exists [C] ∈ H1(k, E) of arbitrarily large prime order and so arbitrarily
large index. Such a curve C does not have rational points over fields of degree smaller than
the index over k. Thus the collection of genus one curves does not satisfy uniform potential
density.
Uniform potential density holds for elliptic curves over number fields since one can obtain
a non-torsion rational point after possibly a quadratic extension. This fact can be derived
from a more general statement:
Theorem 3.2. Let E be an elliptic curve over a number field k. Suppose that Γ ⊂ E(k)
is a finitely generated subgroup and let Γ0 ⊂ E(k) be its saturation. Then there exists an
extension L/k of degree at most 2 such that E(L) 6⊂ Γ0. The same statement holds over an
arbitrary field k of characteristic zero provided that the degree bound is replaced by 18.
Our approaches over number fields and over fields of characteristic zero are different. Let
us start with the case of number fields. The general case will be proved later.
Proof of Theorem 3.2 over number fields. Because Γ, and thus Γ0, is finitely generated, there
exists a finite extension L0/k such that Γ0 is contained in the saturation of E(L0).
Let O be the origin of E and let f : E → P1 be the double cover defined by |2O|. By
Hilbert’s irreducibility theorem, for any finite extension L/k, there exists infinitely many
x ∈ P1(k) such that the fiber f−1(x) is irreducible of degree 2 over L. Using this fact, we can
inductively produce a list of k-rational points {x1, x2, x3, . . . } ⊂ P1(k) such that the splitting
fields Li of the fibers f
−1(xi) satisfy the property:
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For every integer i ≥ 1, the fiber f−1(xi) is irreducible over the composite field
L0L1 · · ·Li−1.
As each Li/k, i ≥ 1, is a quadratic extension, it follows that Li ∩ Lj = k whenever i, j ≥ 0
are distinct.
For each xi ∈ P
1(k), the fiber f−1(xi) splits into two points yi, y
′
i over Li such that
yi = −y′i in the group law of E. Suppose yi ∈ Γ0. Then there exists n > 0 such that
nyi ∈ E(L0). Because nyi is defined over Li and Li ∩L0 = k, the point nyi is in fact defined
over k. This implies nyi = ny
′
i and thus 2nyi = 0. In particular, yi ∈ E(Li)tor. By Merel’s
theorem (see, for example, [Sil09, VIII, Theorem 7.5.1]), there exists an integer N such that
|E(L)tor| ≤ N for any quadratic extension L/k. In particular, every point in E(Li)tor where
i ≥ 1 has order at most N . It follows that⋃
i∈N
E(Li)tor ⊂ E(k)[N !] (3.1)
where E(k)[N !] is the finite set of torsion k-points of order dividing N !. If yi ∈ Γ0 for
infinitely many i ∈ N, we would obtain infinitely many points on the left hand side of (3.1),
which is impossible. Therefore, all but finitely many yi are not in Γ0. Hence all but finitely
many of the quadratic extensions Li/k satisfies E(Li) 6⊂ Γ0.
Proof of Theorem 3.2 in the general case. Let us consider the abelian surface X := E × E
and the divisor D := E × {0} + {0} × E on X . Note that D2 = 2, so D is ample by
[Kan94, Corollary 2.2]. This implies that 3D is very ample [vdG20, (2.26)], so we can embed
X into Pn as a subvariety of degree (3D)2 = 18. Bertini’s theorem guarantees the existence
of a smooth sectional curve C ⊂ X of degree 18. Moreover, the genus of C is at least two
by [Kan94, Proposition 2.3].
Define Λ0 := Γ0 × Γ0 ⊂ X(k). According to the Mordell–Lang conjecture (see, for
example, [Maz00] and the references cited there), the intersection C ∩ Λ0 contains only
finitely many points. It follows that, among the infinitely many closed points of degree at
most 18 on C cut out by hyperplanes defined over k, there exists at least one not in Λ0. As
a result, there exists an extension L/k of degree at most 18 such that XL ∼= EL×EL has an
L-rational point p /∈ Λ0. By projecting p to one of the copies of EL, we obtain a non-torsion
L-rational point on EL not lying on Γ0.
Corollary 3.3. The collection of elliptic curves over fields of characteristic zero satisfies
uniform potential density.
Proof. For an elliptic curve E over a field k of characteristic zero, one can obtain a non-
torsion point p ∈ E over an extension L/k of degree bounded by 18 using Theorem 3.2 with
Γ = {0}. Then the subset {np | n ∈ Z} ⊂ E(L) is Zariski dense in EL.
Let us introduce another corollary of Theorem 3.2. Recall that an elliptic surface E → C
over a field k splits if there exist an elliptic curve E0 over k and a birational map between
elliptic fibrations E ∼ //❴❴❴ E0 × C. Note that E admits a section according to the definition,
so its generic fiber E is an elliptic curve over the function field k(C). The group E(k(C)) is
finitely generated by the Mordell–Weil theorem for function fields [Sil94, III, Theorem 6.1].
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Corollary 3.4. Every elliptic curve E over a number field k admits an extension L/k of
degree at most 2 such that rk(E(L)) > rk(E(k)). The same statement holds when k is the
function field of a curve C provided that the associated elliptic surface E → C does not split
and the degree bound is replaced by 18.
Proof. This follows from Theorem 3.2 with Γ = E(k).
3.2 Abelian varieties of higher dimensions
Our proof of unifrom potential density for abelian varieties over a fixed dimension, follows
the main ideas for potential density in [HT00, Proposition 3.1].
3.2.1 Existence of a non-torsion point
Lemma 3.5. Let A be an abelian variety of dimension g over a field k. Then A admits a
very ample divisor DA which embeds A as a subvariety in P2
g
of degree 6g(g!).
Proof. Let A∨ denote the dual abelian variety of A. By Zarhin’s trick [vdG20, Theo-
rem 11.29], the abelian variety X := A4 × (A∨)4 carries a principal polarization
λ : X // X∨.
There exists L ∈ Pic(Xk) such that λ = ϕL, where ϕL is the isogeny
ϕL : X → X
∨, x 7→ t∗xL ⊗ L
−1. (3.2)
Moreover, given P the Poincare bundle on X ×X∨, the line bundle
D := (idX , λ)
∗P ∈ Pic(X)
is ample, and we have equalities
ϕD = 2λ = 2ϕL ∈ Hom
Sym(X,X∨)
where ϕD is defined in a similar way as (3.2) [vdG20, Proposition 11.1]. From the exact
sequence
0→ X∨(k)→ Pic(X)
ϕ
−→ HomSym(X,X∨),
we conclude that
D = L⊗2 ⊗N (3.3)
for some N ∈ Pic0(X) = X∨(k).
The fact that D is ample implies that 3D is very ample [vdG20, (2.26)] and thus defines
an embedding of X into Pn. We can then consider A as a subvariety of Pn via, for example,
the inclusion
A ∼= A× {(0, . . . , 0)} ⊂ X
where (0, . . . , 0) stands for the origin of A3 × (A∨)4. Let us denote the restriction of L, D,
and N to A as LA, DA, and NA, respectively. To compute the degree of A in P
n, we first
use (3.3) and the Riemann–Roch formula for abelian varieties to get
χ(DA) = c1(DA)
g/g! = (2c1(LA) + c1(NA))
g/g!. (3.4)
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We also have c1(NA) = c1(N )|A = 0 as well as
c1(LA)
g/g! = χ(LA) =
√
deg λ = 1.
Plugging these into (3.4), we obtain χ(DA) = 2g. Therefore, DA embeds A into P2
g
with
deg(A) = (3c1(DA))
g = 3gχ(DA)(g!) = 3
g2g(g!) = 6g(g!).
The following lemma is an analog of Theorem 3.2 for abelian varieties.
Lemma 3.6. Let A be an abelian variety of dimension g ≥ 2 over a field k of characteristic
zero. Suppose that Γ ⊂ A(k) is a finitely generated subgroup and let Γ0 be its saturation.
Then there exists a finite extension L/k of degree at most 6g(g!) such that A(L) 6⊂ Γ0.
Proof. First assume that A contains an elliptic curve E over k. In this case, we can apply
Theorem 3.2 to get an extension L/k of degree at most 18 < 6g(g!) such that E(L) 6⊂ Γ0,
which implies that A(L) 6⊂ Γ0. Therefore, we assume that A does not contain an elliptic
curve over k for the rest of the proof.
By Lemma 3.5, we can consider A as a subvariety of Pn of degree 6g(g!). Cutting A with
hyperplanes subsequently gives a curve C ⊂ A of degree 6g(g!). We may assume that C is
smooth and passes through the origin of A due to Bertini’s theorem. Then C has genus at
least 2 since we assume that A contains no elliptic curve. It follows that C(k) ∩ Γ0 is finite
due to the Mordell–Lang conjecture. (See, for example, [Maz00].)
On the other hand, intersecting C with hyperplanes gives infinitely many points of degrees
at most deg(C) = 6g(g!) on C. Hence, there exists a point p ∈ C with residue field L := k(p)
such that [L : k] ≤ 6g(g!) and p does not lie in Γ0.
Proposition 3.7. Let A be an abelian variety of dimension g over a field k of characteristic
zero. Then there exists an extension L/k of degree at most dg such that A(L) contains a
non-torsion point. The constant dg depends only on g. More precisely:
• If g = 1, we can let dg = 2 when k is a number field and dg = 18 in general.
• If g ≥ 2, we can let dg = 6g(g!).
In particular, A(L) is dense in AL provided that A is geometrically simple.
Proof. The case g = 1 follows from Theorem 3.2. In the case that g ≥ 2, we apply Lemma 3.6
with Γ = {0} to get an extension L/k of degree at most 6g(g!) such that A(L) contains a
non-torsion point p. If A is geometrically simple, then Faltings’ theorem on subvarieties of
abelian varieties (see [Maz00, Theorem 3.1]) says that the Zariski closure of the subgroup
generated by p in AL coincides with AL. Hence A(L) is dense in AL.
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3.2.2 Existence of a nondegenerate point
Definition 3.8. For an abelian variety A over a field k, we say a rational point p ∈ A(k) is
nondegenerate if the subgroup generated by p is Zariski dense in A.
Lemma 3.9. Let A and A′ be abelian varieties of dimensions g and g′, respectively, over a
number field k. Suppose that A contains a nondegenerate point p ∈ A(k). Then there exists
an extension L/k of degree bounded by 6g
′
(g′!) and a point p′ ∈ A′(L) such that the Zariski
closure
B := Z(p, p′) ⊂ (A× A′)L
is an abelian subvariety with dim(B) > g. The same statement holds over any field k of
characteristic zero provided that the bound 6g
′
(g′!) is replaced by 18g
′
(g′!).
Proof. The group of homomorphisms Hom(A,A′) is finitely generated as a module over Z.
Hence the image of p under Hom(A,A′) forms a finitely generated subgroup
Γ := Hom(A,A′)(p) ⊂ A′(k).
From Theorem 3.2 or Lemma 3.6, we conclude that there exists an extension L/k of degree
bounded by
• 6g
′
(g′!) if k is a number field,
• 18g
′
(g′!) if k is a field of characteristic zero,
such that A′(L) contains a point p′ not in the saturation of Γ. Define
q := (p, p′) ∈ (A× A′)(L)
and let B ⊂ (A×A′)L be the abelian subvariety obtained from the Zariski closure of Zq.
Let us show that dim(B) > g by adapting part of the proof for [HT00, Lemma 3.3].
Assume, to the contrary, that dim(B) = g. In this case, the left projection
π : A×A′ // A
restricts to an isogeny B → A over L, so we can regard B as an element in the group of
homomorphisms up to isogeny
β ∈ Hom0(A,A′) := Hom(A,A′)⊗Q.
In particular, there exists a nonzero integer d such that (dβ)(p) = dp′. This implies that p′
lives in the saturation of Γ, contradiction. Thus we conclude that dim(B) > g.
Theorem 3.10. Let A be an abelian variety of dimension g over a field k. If k is a number
field, then there exists a finite extension L/k of degree bounded by the constant
6
g(g+1)
2
g∏
r=0
(r!)
such that A(L) contains a nondegenerate point. If k is an arbitrary field of characteristic
zero, then the same statement holds provided that the above bound is replaced by
18
g(g+1)
2
g∏
r=0
(r!).
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Proof. The proofs for the two cases are almost the same, so we will only prove the case that
k is a number field. By Proposition 3.7, there exists an extension L1/k of degree at most
6g(g!) such that there exists a non-torsion point p1 ∈ A(L1). The Zariski closure of Zp1 in
AL1 is an abelian subvariety A1 of dimension g1 by Faltings’ theorem. If g1 = g, then p1 is
a nondegenerate point. If g1 < g, then the quotient A
′
1 := AL1/A1 is an abelian variety of
dimension g − g1 ≥ 1 and there is an isogeny
AL1 ∼L1 A1 × A
′
1.
A nondegenerate point can then be found using the inductive process below.
Let i ≥ 1. Suppose that there exists abelian varieties Ai and A′i over an extension Li/k,
where Ai contains a nondegenerate point pi ∈ Ai(Li) and gi := dim(Ai) < g, such that there
is an isogeny
ALi ∼Li Ai ×A
′
i. (3.5)
By Lemma 3.9, there exists an extension Li+1/Li with
[Li+1 : Li] ≤ 6
g−gi((g − gi)!)
and a point pi+1 ∈ (Ai × A′i)(Li+1) such that the Zariski closure of Zpi+1 is an abelian
subvariety Ai+1 ⊂ (Ai × A′i)Li+1 of dimension gi+1 > gi. If gi+1 = g, then pi+1 produces a
nondegenerate point on ALi+1 via (3.5). If gi+1 < g, we define A
′
i+1 := (Ai × A
′
i)Li+1/Ai+1
and repeat this paragraph with i replaced by i+ 1.
As g is fixed, the above process ends up in an abelian variety An defined over Ln/L, a
nondegenerate point pn ∈ An, and an isogeny
ALn ∼Ln An
such that pn induces a nondegenerate point on ALn . Denote L0 := k and g0 := 0. Using the
inequalities g ≥ gi+1 > gi for 0 ≤ i ≤ n− 1, we estimate the degree of extension as
[Ln : k] =
n−1∏
i=0
[Li+1 : Li] ≤
n−1∏
i=0
6g−gi((g − gi)!)
≤
g∏
i=0
6g−i((g − i)!) = 6
g(g+1)
2
g∏
r=0
(r!).
This finishes the proof.
Corollary 3.11. The collection of abelian varieties of a fixed dimension over fields of char-
acteristic zero satisfies uniform potential density.
Proof. By definition, the orbit of a nondegenerate point is Zariski dense, so the statement
follows immediately from Theorem 3.10.
3.3 Algebraic groups and their torsors
Unlike torsors of abelian varieties (see Proposition 3.1), we will show that uniform potential
density holds for torsors of linear algebraic groups of a fixed dimension over infinite perfect
fields. Based this and the uniform potential density for abelian varieties, we will prove
that uniform potential density holds for algebraic groups of a fixed dimension over fields of
characteristic zero. In this section, k will denote an infinite perfect field.
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3.3.1 Preliminaries on semisimple groups
Let us start by gathering necessary background materials and setting up some notations.
Our main reference is [Mil17]. For a connected linear algebraic group G over a field k, its
radical R(G) is the maximal connected solvable normal subgroup variety. The group G is
semisimple if R(Gk) is trivial, and is further called almost simple if it is noncommutative
with every proper normal algebraic subgroup finite. We say that G is geometrically almost
simple if it is almost simple and remains so over k. The following theorem gives a relation
between semisimple and almost simple.
Theorem 3.12 ([Mil17, Theorem 21.51]). A semisimple algebraic group G has only finitely
many almost simple normal subgroup varieties G1, . . . , Gr, and the morphism
G1 × · · · ×Gr // G
(g1, . . . , gr)
✤
// g1 · · · gr
is surjective with finite kernel. Moreover, each connected normal algebraic subgroup of G is
a product of those Gi that it contains, and is centralized by the remaining ones.
A semisimple group G over k is split if some of its maximal torus T is isomorphic to a
product of copies of Gm over k. By [Tit92, Proposition A1], a geometrically almost simple
group G becomes split over an extension L/k of degree dividing an integer δ(G) depending
only on the type of G. Let v(n) denote the 2-adic valuation of an integer n and assume that
G is not of type E8. Then δ(G) is given explicitly as
An Bn Cn D4 Dn≥5 G2 F4 E6 E7
δ(G) 2(n+ 1) 2n 2v(n)+1 3 · 26 2n+v(n) 2 6 22 · 34 25 · 3
When G is of type E8, the original δ(G) given by Tits is improved to
δG = 2
6 · 32 · 5
by Totaro [Tot04, Theorem 0.1].
To a split semisimple group G, we can associate an adjoint group Gad via the exact
sequence
1 // Z(G) // G // Gad // 1 (3.6)
where Z(G) is the center of G. An inner k-form of a split semisimple G is an algebraic group
G′ over k together with an isomorphism f ′ : Gks → G′ks such that, for every σ ∈ Gal(k
s/k),
the automorphism
aσ := f
′−1 ◦ σf ′ : G −→ G, where σf ′ := σ ◦ f ′ ◦ σ−1
is inner. Two inner k-forms (G′, f ′) and (G′′, f ′′) are isomorphic if there exists an isomorphism
ϕ : G′ → G′′ over k such that the following diagram commutes:
Gks
f ′

f ′′
""
❊
❊
❊
❊
❊
❊
❊
❊
G′ks ϕks
// G′′ks.
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The isomorphism classes of inner k-forms of G are classified by H1(k,Gad), and the split
ones all belong to the class [Gad] [Mil17, Corollary 23.54]. Note that, if G is geometrically
almost simple, then its inner forms are geometrically almost simple as well.
Let G be semisimple and split as before. According to [CGP15, Corollary A.4.11], there
exists a universal covering
β : G˜ // G (3.7)
where G˜ is a simply connected semisimple group and β is a central isogeny, that is, a finite
surjective morphism with kernel living in Z(G˜). This induces a commutative diagram with
exact rows
1 // Z(G˜)
α

// G˜
β

// G˜ad
γ

// 1
1 // Z(G) // G // Gad // 1.
Note that
• ker(α) ∼= ker(β) ∼= π1(β) since β is central, and
• γ is an isomorphism due to [BT72, Proposition 2.26].
From the snake lemma and the fact that β is surjective, we conclude that α is surjective and
thus
Z(G) ∼= Z(G˜)/π1(G).
Suppose further that G is almost simple. Then G˜ is almost simple as well. In this case,
Z(G˜) is determined by its type and can be read from the table [Mil17, §24.c]:
An Bn Cn D2m D2m+1 E6 E7 E8, F4, G2
Z(G˜) µn+1 µ2 µ2 µ2 × µ2 µ4 µ3 µ2 e
where µn is the n-th root of unity and e is the identity element. As a consequence, Z(G)
is the quotient of one of the above groups, so its size is bounded by a constant depending
only on the type of G. For any geometrically almost simple group G, we conclude from the
above table that
ζ(G) := |Z(Gks)| ≤
{
n+ 1 if G is of type An
4 otherwise.
We summarize the above discussion into the following proposition.
Proposition 3.13. Let G be semisimple and split algebraic group over a field k. There exist
monotonically increasing functions
δ : N −→ N and ζ : N −→ N
such that δ(G) ≤ δ(dimG) and ζ(G) ≤ ζ(dimG).
Proof. The statement is evident from the construction of δ and ζ .
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3.3.2 Torsors under connected linear algebraic groups
We are ready to study the degrees of field extensions which make a torsor under a connected
linear algebraic group trivial. Let us proceed in a step-by-step manner starting from the
case of geometrically almost simple groups.
Lemma 3.14. Let X be a G-torsor where G is a geometrically almost simple algebraic group
over a perfect field k. Then there exists an extension L/k of degree bounded by ζ(G)δ(G)2
such that XL ∼= GL.
Proof. Let us assume that G is split by passing to an extension L/k of degree dividing δ(G)
so that Gad makes sense. The sequence (3.6) induces an exact sequence of pointed sets
H1(L,Z(G)) // H1(L,G) // H1(L,Gad).
Let x ∈ H1(L,G) be the class of X and let y ∈ H1(L,Gad) be its image. Consider y as the
class of an inner L-form of G. Then there exists an extension L′/L of degree dividing δ(G)
such that y = 0 ∈ H1(L′, Gad) and hence x ∈ H1(L′, Z(G)). By passing to an extension
L′′/L′ with
[L′′ : L′] ≤ |Z(GL′)| ≤ ζ(G),
we get x = 0 ∈ H1(L′′, Z(GL′′)). It follows that XL′′ ∼= GL′′. Note that
[L′′ : k] = [L′′ : L′][L′ : L][L : k] ≤ ζ(G)δ(G)2
so the proof is done.
Lemma 3.15. Let G be a semisimple algebraic group over a perfect field k of dimension
r > 0. Then there exists an extension L/k of degree bounded by r such that GL contains a
geometrically almost simple normal subgroup G′ with dim(G′) > 0.
Proof. The algebraic group Gk is still semisimple, so it contains almost simple normal sub-
groups G1, . . . , Gm as described in Theorem 3.12, and they are geometrically almost simple
since we are over k. By hypothesis, there exists Gi where 1 ≤ i ≤ m such that dim(Gi) > 0.
Under the action of Gal(k/k), the orbit of Gi is a subset of {G1, . . . , Gm} and thus has
cardinality at most m ≤ r. It follows that there exists an extension L/k of degree bounded
by r such that G′ := Gi is defined over L.
Lemma 3.16. Let X be a G-torsor of dimension r where G is a semisimple algebraic group
over a perfect field k. Then there exists an extension L/k of degree bounded by a constant
dr depending only on r such that XL ∼= GL.
Proof. Let us prove the statement by induction on r. Note that the initial case r = 0 is
trivial. Assume that r ≥ 1. By Lemma 3.15, after passing to an extension L/k of degree
bounded by r, there exists a normal subgroup variety G′ ⊂ GL that is geometrically almost
simple with dim(G′) > 0. This induces an exact sequence of pointed sets
H1(L,G′) // H1(L,GL) // H
1(L,GL/G
′)
and the X represents a class [X ] ∈ H1(L,G). Note that
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• GL/G
′ is semisimple by [Mil17, Corollary 21.52], and
• dim(GL/G
′) < r since dim(G′) > 0.
By the induction hypothesis, there exists an extension L′/L of degree at most dr−1 such that
[XL′ ] is mapped to 0 ∈ H1(L′, GL/G′) and thus belongs to H1(L′, G′).
By Lemma 3.14, there exists an extension L′′/L′ of degree bounded by ζ(G′)δ(G′)2 such
that
[XL′′ ] = 0 ∈ H
1(L′′, G′) ⊂ H1(L′′, GL)
It follows that XL′′ ∼= GL′′. Note that
[L′′ : k] = [L′′ : L′][L′ : L][L : k]
≤ ζ(G′)δ(G′)2dr−1r ≤ ζ(r)δ(r)
2dr−1r
where the last inequality uses Proposition 3.13. As the last term is a constant depending
only on r, the proof is done.
Before entering the general case about torsors under connected linear algebraic groups,
we need to discuss the splitting fields of tori. An algebraic group T over a field k is a torus
if Tks ∼= Grm where k
s is the separable closure of k. The integer r is called the rank of T . By
definition, T is split if and only if T ∼= Grm over k.
Lemma 3.17. Let T be a torus of rank r over a perfect field k. Then there exists an extension
L/k of degree bounded by the constant cr, defined in Definition 2.2, such that TL is split. In
particular, we have H1(L, TL) = {0}.
Proof. The action of Gal(k/k) on the group of characters
X∗(T ) := Hom(Tk,Gm)
∼= Zr
induces a homomorphism
Gal(k/k) // GL(r,Z).
Its kernel is isomorphic to Gal(k/L) for some finite Galois extension L/k. In particular,
Gal(k/L) acts on X∗(T ) trivially. This implies that TL is split, or equivalently, TL ∼= Grm,
due to [Mil17, Theorem 12.23]. Since Gal(L/k) appears as a finite subgroup of GL(r,Z), we
have that
[L : k] = |Gal(L/k)| ≤ cr.
The last statement follows from the fact that H1(L,Grm) = {0} (see, for example, [Mil17,
Corollary 3.47]).
Proposition 3.18. Let X be a G-torsor of dimension r where G is a connected linear
algebraic group over a perfect field k. Then there exists an extension L/k of degree bounded
by a constant depending only on r such that XL ∼= GL.
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Proof. Let U ⊂ G be the unipotent radical. By [San81, Lemma 1.13], there is a canonical
isomorphism
H1(k,G)
∼
// H1(k,G/U).
This allows us to reduce the proof to the case when G is reductive.
For a reductive group G, its radical R ⊂ G is a torus [Mil17, Corollary 17.62]. By
Lemma 3.17, there exists an extension K/k of degree bounded by a(rk(R)), where a(x)
is a monotonically increasing function in x, such that H1(K,RK) = {0}. This induces an
injection
0 // H1(K,GK) // H
1(K,GK/RK).
Note that GK/RK is semisimple.
Consider [XK ] ∈ H1(K,GK) as an element in H1(K,GK/RK). By Lemma 3.16, there
is an extension L/K of degree bounded by b(dim(G/R)), where b(x) is a monotonically
increasing function in x, such that [XL] is trivial in H
1(L,GL/RL) and hence is trivial in
H1(L,GL). It follows that XL ∼= GL. Moreover, the degree
[L : k] = [L : K][K : k]
≤ b(dim(G/R)) · a(rk(R))
≤ b(dim(G)) · a(dim(G))
is bounded by a constant depending only on dim(G), so the proof is done.
Remark 3.19. Let us retain the hypothesis of Proposition 3.18 and assume further that
G is quasi-split, i.e. contains a Borel subgroup over k. In this case, [Ste65, Theorem 11.1]
asserts the existence of a torus T ⊂ G such that the class [X ] ∈ H1(k,G) lies in H1(k, T ).
Let r denote the rank of G, i.e. the rank of a maximal torus of G. Using Lemma 3.17, we
conclude that XL ∼= GL over some extension L/k of degree bounded by the constant cr given
in that lemma. In particular, the bound in this case depends only on the rank of G.
Corollary 3.20. Uniform potential density holds for the collection of torsors of connected
linear algebraic groups of a fixed dimension over infinite perfect fields.
Proof. Let X be a G-torsor where G is a connected linear algebraic group over an infinite
perfect field k. By Proposition 3.18, there exists an extension L/k of degree bounded by a
constant depending only on dim(X) such that XL ∼= GL. Since k is perfect, G is unirational
over k [Bor91, Theorem 18.2 (ii)], hence G(k) is dense as k is infinite. It follows that X(L)
is dense, which completes the proof.
Remark 3.21. The question about minimal degrees of the field extensions that split torsors
under connected linear algebraic groups is also intensively studied. For relevant results and
further references in this direction, we refer the reader to [RY01,Tot04].
3.3.3 Connected algebraic groups
Now we have almost everything we need to proof the uniform potential density for connected
algebraic groups in characteristic zero.
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Lemma 3.22. Let A be an abelian variety over a field k of characteristic zero with an
extension
1 // N // G π // A // 1
by a linear algebraic group N over k. Suppose that A(k) contains a nondegenerate point p
such that the coset N1 := π
−1(p) ⊂ G contains a dense subset of k-rational points. Then
G(k) is dense in G.
Proof. For every m ∈ Z, we define Nm := π−1(pm) ⊂ G. Note that N0 = N and that every
Nm is an N -torsor under the action
N ×Nm // Nm
(x, y) ✤ // xy.
By hypothesis, N1 is a trivial N -torsor. This implies that every Nm is trivial since one can
produce a k-rational point on Nm via the morphisms
• Nm1 → Nm : x 7→ x
m if m > 0,
• N−m → Nm : x 7→ x−1 if m < 0.
It follows that Nm(k) is dense in Nm for all m ∈ Z. As a result, we obtain a Zariski dense
subset ⋃
m∈Z
Nm(k) ⊂ G(k)
and hence G(k) is dense in G.
Theorem 3.23. The collection of connected algebraic groups of a fixed dimension over fields
of characteristic zero satisfies uniform potential density.
Proof. Let G be a connected algebraic group over a field k of characteristic zero. By
the Barsotti–Chevalley–Rosenlicht theorem ([Bar55, Che60, Ros56], see also [Con02, The-
orem 1.1]), there is a short exact sequence of algebraic k-groups
1 // N // G
π
// A // 1
where N is a linear closed subgroup of G and A is an abelian variety. Using Theorem 3.10
and the fact that dim(A) ≤ dim(G), we obtain an extension L/k of degree bounded by a
constant depending only on dim(G) such that A(L) contains a nondegenerate point p.
On the other hand, N is unirational over k [Bor91, Theorem 18.2 (ii)], which implies
that N(k) is dense in N as k is infinite in our case. Note that the coset N1 := π
−1(p) is an
N -torsor under the action
N ×N1 → N1 : (x, y) 7→ xy.
By Corollary 3.20, there exists an extension L′/L of degree bounded by a constant depending
only on dim(N), and thus only on dim(G), such that N1(k) is dense in N1(k). It follows
from Lemma 3.22 that G(L′) is dense in G. As [L′ : k] is bounded by a constant depending
only on dim(G), the proof is done.
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4 Uniform potential density for elliptic K3 surfaces
In this section, we prove that uniform potential density holds for the collection of elliptic K3
surfaces over number fields.
4.1 Ne´ron–Severi groups and automorphisms
In this section, k will denote either a perfect field or a field of characteristic 6= 2, 3 unless
otherwise specified. Towards the end we will specialize to k a number field.
Let X be an elliptic K3 surface over k and let ks denote the separable closure of k. We
want to find finite extensions L/k where
• all the elements in NS(Xks) descend to NS(XL);
• a chosen element in Aut(Xks) is defined.
In each of the two cases, we will show that the minimal degree of such extensions L/k is
bounded by a constant independent of X . These results will be applied in our proofs of the
uniform potential density in the cases ρ(Xks) ≤ 19 and ρ(Xks) = 20, respectively.
4.1.1 Defining fields of Ne´ron–Severi groups
Let X be an elliptic K3 surface over a field k. For every separable extension L/k, there are
natural injections
NS(XL)


// NS(Xks)
Gal(ks/L)   // NS(Xks). (4.1)
Our goal is to find a separable extension L/k such that the two injections become isomor-
phisms with the degree [L : k] bounded. Let us discuss the injection on the left first.
Consider a proper and geometrically integral variety X over a field k. By [Poo17, Corol-
lary 6.7.8], there is an exact sequence
0 // Pic(X) // Pic(Xks)
Gal(ks/k) // Br(k) // Br(X) (4.2)
If X(k) 6= ∅, then the morphism Spec(k)→ X induces a section Br(X)→ Br(k). Hence the
last map of (4.2) is injective. Thus the second map, which is only an injection in general,
becomes an isomorphism
Pic(X)
∼
// Pic(Xks)
Gal(ks/k).
In the cases that the Picard groups and the Ne´ron–Severi groups can be identified, for
example, when X is a K3 surface, the above isomorphism becomes
NS(X)
∼
// NS(Xks)
Gal(ks/k).
Therefore, to make the injection on the left in (4.1) an isomorphism, it is sufficient to find a
separable extension L/k such that X(L) 6= ∅.
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Let us analyze this property for elliptic surfaces in general. Consider an elliptic surface
π : X → C over a field k. We denote by χ(X) its Euler–Poincare´ characteristic, which is
given by
χ(X) =
{∑
i dimH
i
et(X,Qℓ), where ℓ 6= char(k),∑
i dimH
i(X,C), when k = C.
For every fiber Xb over b ∈ C, we denote the number of its geometrically irreducible compo-
nents as #Xb. Then χ(Xb) = 0 ifXb is smooth and, for singular fibers, we have χ(Xb) = #Xb
or χ(Xb) = #Xb + 1 depending on whether Xb is of multiplicative type or additive type,
respectively. In the following lemma, we will consider the set
Σs := {b ∈ C(ks) | Xb is singular}. (4.3)
Lemma 4.1. Let π : X → C be an elliptic surface over k such that Σs 6= ∅. Choose any
singular fiber Xb with b ∈ Σs such that χ(Xb) is minimal. Then, for every irreducible
component D ⊂ Xb, there exists a separable extension L/k of degree at most 2χ(X) such
that D is birational to P1L. In particular, we have X(L) ⊃ D(L) 6= ∅.
Proof. There exists an extension L1/k of degree at most |Σs| such that the chosen point
b ∈ Σs, and thus the singular fiber Xb, is defined over L1. By passing to an extension
L2/L1 of degree at most #Xb ≤ χ(Xb), the component D would be defined over L2. The
normalization of D is a smooth conic, which is isomorphic to P1L for some extension L/L2
of degree at most 2. Hence DL is birational to P
1
L, and thus X(L) ⊃ D(L) 6= ∅. These field
extensions can be made separable and we have
[L : k] = [L : L2][L2 : L1][L1 : k] ≤ 2χ(Xb)|Σ
s|.
Using [CD89, Proposition 5.1.6] (or [SS10, Theorem 6.10]), we obtain
2χ(Xb)|Σ
s| ≤ 2
∑
b∈Σs
χ(Xb) ≤ 2χ(X).
Combining the above inequalities, we conclude that [L : k] ≤ 2χ(X).
Lemma 4.2. Let X be an elliptic K3 surface over k. Then X contains a singular fiber over
ks. In other words, Σs 6= ∅.
Proof. The case that k is perfect is trivial, so we assume that k is an arbitrary field with
char (k) 6= 2, 3. Let us prove the case when X has a section first. In this case, X admits a
Weierstrass model X ′ → P1 given by the equation
y2z = 4x3 − g2xz
2 − g3z
3
where g2 ∈ H0(P1,OP1(8)) and g3 ∈ H
0(P1,OP1(12)). (See, for example, [Huy16, §11.2].)
The discriminant of this equation is
∆ = g32 − 27g
2
3 ∈ H
0(P1,OP1(24)).
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Assume, to the contrary, that every singular fiber of X ′ is not defined over ks. Then p :=
char(k) divides deg(∆) = 24, contradicting to the hypothesis p 6= 2, 3. Therefore, X ′ has a
singular fiber over ks, and thus X has a singular fiber over ks.
In general, we can associate X with its Jacobian fibration J(X), which is an elliptic K3
surface with a section. There is a dominant rational map
f : X //❴❴❴ J(X)
preserving the fibrations, which acts by mapping a smooth fiber to its Jacobian and a singular
fiber to a singular fiber. (See §4.2.1 for a brief introduction on J(X).) We have proved that
J(X) has a singular fiber over ks, so X has a singular fiber over ks as well.
Corollary 4.3. Let X be an elliptic K3 surface over k. Then there exists a separable
extension L/k of degree at most 48 such that, for every separable extension L′/L, the natural
inclusion
NS(XL′)


// NS(Xks)
Gal(ks/L′)
is an isomorphism
Proof. We have Σs 6= ∅ by Lemma 4.2, so Lemma 4.1 guarantees the existence of a separable
extension L/k of degree at most 2χ(X) = 2 · 24 = 48 such that X(L) 6= ∅. Hence X(L′) 6= ∅
for every separable extension L′/L, which implies the conclusion.
Recall that by Theorem 2.1, the group GL(n,Z) contains, up to isomorphism, only finitely
many finite subgroups and cn denotes the largest possible cardinality of such subgroup. Now
let us study the injection on the right in (4.1).
Lemma 4.4. Let X be a K3 surface over k with ρ := ρ(Xks). Then there exists a Galois
extension L/k of degree at most cρ such that Gal(k
s/L) acts on NS(Xks) trivially.
Proof. The action of Gal(ks/k) on NS(Xks) induces a group homomorphism
σ : Gal(ks/k) // GL(ρ,Z).
Since NS(Xks) is finitely generated, the kernel is finite index in Gal(k
s/k), corresponding to
a finite extension L/k. Hence, Gal(ks/L) = ker(σ). This identifies the finite group Gal(L/k)
as a subgroup of GL(ρ,Z), and so [L : k] = |Gal(L/k)| is bounded by cρ.
Lemma 4.5. Let X be an elliptic K3 surface over k and denote ρ := ρ(Xks). Then there
exists a separable extension L/k of degree at most 48cρ such that there is a natural isomor-
phism
NS(XL)
∼
// NS(Xks).
Proof. By Corollary 4.3, there exists a separable extension L1/k of degree at most 48 such
that, for every separable extension L′/L1, there is a natural isomorphism
NS(XL′)
∼
// NS(Xks)
Gal(ks/L′). (4.4)
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By applying Lemma 4.4 to XL1, we conclude that there exists a Galois extension L/L1 of
degree at most cρ such that
NS(Xks)
Gal(ks/L) = NS(Xks). (4.5)
The desired isomorphism follows immediately from (4.4) and (4.5). Moreover, we have
[L : k] = [L : L1] · [L1 : k] ≤ cρ · 48.
Remark 4.6. Suppose that k is perfect and that X admits a section. In this case, Kuwata
[Kuw90, Theorem 1.1] proved that, with L := k(µ3) where µ3 is the third root of unity, there
exists a positive integer m such that
mNS(Xk)
∼= mNS(XL)
This would imply that NS(Xk)
∼= NS(XL). Indeed, given D ∈ NS(Xk), the above isomor-
phism implies that mD = mD′ for some D′ ∈ NS(XL). Because NS(Xk) is torsion-free,
D = D′ and thus D ∈ NS(XL).
4.1.2 Defining fields of automorphisms on K3 surfaces
Let us introduce some notations first. For an algebraic K3 surface X over k, the group
Aut(Xks) acts on NS(Xks) ∼= Pic(Xks) by pulling back line bundles,
Aut(Xks) // O(NS(Xks)) : f
✤
// f ∗.
We will also consider the action of Gal(ks/k) on Aut(Xks) by
Gal(ks/k)× Aut(Xks) // Aut(Xks)
(σ, f) ✤ // fσ := σ−1fσ.
For every separable extension L/k, we have
Aut(XL) = Aut(Xks)
Gal(ks/L)
under the above action.
Proposition 4.7. Let X be an algebraic K3 surface over k that satisfies NS(X) = NS(Xks).
Then, for every f ∈ Aut(Xks), there exists an integer n > 0 such that fn ∈ Aut(X).
Proof. By hypothesis, Gal(ks/k) acts on NS(Xks) trivially. Let us fix some f ∈ Aut(Xks)
and σ ∈ Gal(ks/k). Then, for every L ∈ NS(Xks), we have
(fσ)∗L = (σ−1fσ)∗L = σf ∗(σ−1)L = σ(f ∗L) = f ∗L
where the hypothesis on the Galois action is applied to the last two equalities. Hence
(fσf−1)∗L = (f−1)∗(fσ)∗L = (f ∗)−1(fσ)∗L = L.
This implies that fσf−1 ∈ ker(Aut(Xks)→ O(NS(Xks))).
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Applying the above argument to f ℓ where ℓ ∈ Z, we conclude that
{(fσ)ℓf−ℓ | ℓ ∈ Z} ⊂ ker(Aut(Xks)→ O(NS(Xks))).
The kernel on the right is finite by [Huy16, Proposition 5.3.3], so the set on the left is finite
as well. In particular, there exist distinct integers i and j such that
(fσ)if−i = (fσ)jf−j, or equivalently, f i−j = (fσ)i−j = (f i−j)σ.
In other words, fm, where m := |i− j| > 0, is fixed by σ ∈ Gal(ks/k).
The integer m may depend on σ. However, as f is defined over some finite separable
extension over L, it is fixed by some finite index subgroup H ⊂ Gal(ks/k). Let σ1, . . . , σr ∈
Gal(ks/k) be representatives for the cosets. Then we can associate each σi an integer mi as
above so that fmi is fixed by σi. Define n :=
∏r
i=1mi. Then f
n is fixed by each σi and thus
is fixed by Gal(ks/k), so fn ∈ Aut(X). This finishes the proof.
4.2 Jacobian fibrations and rational multisections
A main ingredient in Bogomolov and Tschinkel’s proof [BT00] of potential density is about
the existence of a non-torsion rational multisection. In this section, we show that one can
find such a multisection over a finite extension of bounded degree.
4.2.1 Jacobian fibrations of elliptic K3 surfaces
Let us start with a brief review on the Jacobian fibrations of elliptic K3 surfaces. For the
general foundations on torsors and their classifying spaces, we refer the reader to [Poo17,
Chapter 6] and [Mil80, Chapter III]. We also refer the reader to [Huy16, §11.4–§11.5] for
more details of the following materials treated over algebraically closed fields.
Let π : X → P1 be an elliptic K3 surface over a perfect field k and let η denote the
generic point of the base P1. The generic fiber Xη is a genus one curve over the function
field K := k(P1), so we can talk about its Jacobian
J(Xη) := Pic
0
Xη/K .
The Jacobian J(Xη) has a natural structure of an elliptic curve as it contains the K-rational
point [OXη ]. On the other hand, it is also a surface over k and thus admits a minimal
model J(X). The surface J(X), called the Jacobian fibration of X , is an elliptic K3 surface
equipped with a section from the point [OXη ]. In the following, an elliptic K3 surface with
a section will be called a Jacobian fibration.
Given a Jacobian fibration π : J → P1, its e´tale local sections form a sheaf J of abelian
groups on P1. There is a natural bijection
H1(P1,J )←→ {Elliptic K3 surfaces X → P1 with J(X) ∼= J}/ ∼
where X ∼ X ′ if and only if they are isomorphic as elliptic fibrations. It is well-known
that the group H1(P1,J ) is torsion. Hence, to every elliptic K3 surface X with J(X) ∼= J ,
we can assign a positive integer ind(X) called the index of X , defined as the order of its
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class [X ] in H1(P1,J ). Equivalently, the index of X is the index of the image of the group
homomorphism
NS(X) // Z
D ✤ // D ·Xb
where Xb is the fiber over a general b ∈ P1(k).
Given [X ], [Y ] ∈ H1(P1,J ) such that [X ] = n[Y ] for some positive integer n, there exists
a commutative diagram of dominant k-rational maps of elliptic fibrations:
Y //❴❴❴
  
❆
❆
❆
❆
X

✤
✤
✤
J.
(4.6)
Let ℓ and m be the indices of [X ] and [Y ], respectively. Then ℓ = nm, and over a point
b ∈ P1(k) where the fibers are smooth, these maps act as
Yb ∼= Pic
1
Yb/k
//❴❴❴
''P
P
P
P
P
P
Xb ∼= Pic
n
Yb/k

✤
✤
✤
Jb ∼= Pic
ℓ
Yb/k
.
For example, the downward arrow on the right maps L to L⊗m.
Lemma 4.8. Let k be a number field and M a nonzero finite discrete Gal(k/k)-module.
Then H1(k,M) is infinite.
Proof. Let M ′ = Hom(M,O×T ). Since M
′ is finite, there is a finite extension L/k such that
the action of Gal(k/k) onM ′ factors through Gal(L/k). Let n be any positive integer. Using
the Cˇebotarev density theorem (see [Neu99, Theorem 13.4 & Corollary 13.6]), we conclude
that there exists a set T consisting of n primes which split completely in L/k. In other
words, for any v ∈ T , the group Gal(kv/kv) acts trivially on M
′, and so kv(M
′) = kv. By
[NSW08, Theorem 9.2.3 (vii)] (using S as the set of all primes and A = M in their notation),
the natural homomorphism
H1(k,M) //
⊕
v∈S
H1(kv,M) (4.7)
is surjective. On the other hand
H1(kv,M) = Hom(Gal(kv/kv),M) ←֓ Hom(Ẑ,M) ≃M
where the injectivity follows from the fact that Ẑ := lim←−(Z/mZ) is a quotient of Gal(kv/kv).
Hence #H1(k,M) ≥ (#M)n. As we can choose n to be arbitrarily large, it follows that
H1(k,M) is infinite.
Lemma 4.9. Let π : J → P1 be a Jacobian fibration over a number field k and let J be the
associated sheaf on P1. Then H1(P1,J )[n] has infinitely many elements for any integer n.
22
4.2 JACOBIAN FIBRATIONS AND RATIONAL MULTISECTIONS
Proof. Let η denote the generic point of P1. The Hochschild–Serre spectral sequence
Ep,q2 = H
p(k,Hq(P1
k
,J )) =⇒ Hp+q(P1,J )
and the isomorphism H0(P1
k
,J ) ≃ Jη(k(t)) gives an injection
H1(k, Jη(k(t))) →֒ H
1(P1,J )
which restricts to an injection
H1(k, Jη(k(t)))[n] →֒ H
1(P1,J )[n] (4.8)
for every integer n.
Consider M := Jη(k(t)) as a Galois module. The Kummer sequence
0 //M [n] //M
×n
//M // 0
induces the exact sequence
0 −→
Jη(k(t))
nJη(k(t))
−→ H1(k,M [n]) −→ H1(k,M)[n] −→ 0.
The quotient Jη(k(t))/nJη(k(t)) is finite by the Mordell–Weil theorem over function fields,
and H1(k,M [n]) is infinite by Lemma 4.8. It follows that H1(k,M)[n] is infinite, hence
H1(P1,J )[n] is infinite by (4.8).
Lemma 4.10. Let G be an abelian group that contains an element of prime order p. Then,
for every x ∈ G whose order is finite and not divisible by p, there exists z ∈ G such that
pz = x and p | ord(z).
Proof. Let d := ord(x). First we show that there exists β ∈ Z such that
βd ≡ 1 (mod p) and βd 6≡ 1 (mod p2). (4.9)
There exists β satisfying the first equation since p and d are coprime. If βd 6≡ 1 (mod p2),
then we are done. If βd ≡ 1 (mod p2), then
(β + p)d ≡ 1 + pd 6≡ 1 (mod p2),
where the second relation uses the assumption p ∤ d. Note that (β + p)d ≡ 1 (mod p).
Therefore, we can replace β by β + p to fulfill (4.9).
Let α ∈ Z be such that αp+ βd = 1. Note that by (4.9), we have p ∤ α. Pick an element
y ∈ G of order p and define z := α(x+ y). Then
pz = pα(x+ y) = pαx = (1− βd)x = x.
It follows that ord(z) | pd. We claim that ord(z) ∤ d. Indeed, if ord(z) divides d, then
0 = dz = dα(x+ y) = dαy,
which implies that p | dα and thus p | α, contradiction. As a consequence, we have p |
ord(z).
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Proposition 4.11. Let π : J → P1 be a Jacobian fibration over a number field k. For
every [X ] ∈ H1(P1,J ) and every prime p ∤ ind(X), there exists [Y ] ∈ H1(P1,J ) such that
[X ] = p[Y ] and p | ind(Y ).
Proof. By Lemma 4.9, the group H1(P1,J )[p′] is infinite for every prime p′. In particular,
for every prime p as in the statement, H1(P1,J ) contains an element of prime order p. Now
apply Lemma 4.10 with G = H1(P1,J ) to get the desired Y .
4.2.2 Existence of non-torsion rational multisections
Let π : X → P1 be an elliptic K3 surface over a perfect field k and let J be the associated
Jacobian sheaf. Following [BT00, Definition 3.7], we say that a multisection M ⊂ X is
torsion of order m or m-torsion if m is the smallest positive integer such that for every
b ∈ P1(k) and p, q ∈M∩Xb(k), the class [p]− [q] lies in Jb[m].
We callM non-torsion or an nt-multisection if there exists b ∈ P1(k) such that [p]− [q] ∈
Jb is torsion-free for some p, q ∈M∩Xb(k). Recall that there exists such a b ∈ P1(k) if and
only if the statement holds for a general point in P1(k) by [BT00, Lemma 3.8].
Lemma 4.12. Let [X ], [Y ] ∈ H1(P1,J ) be such that [X ] = n[Y ] and let ϕ : Y 99K X be
the map given in (4.6). Then a multisection M⊂ Y is non-torsion if and only if its image
ϕ(M) ⊂ X is non-torsion.
Proof. It is easy to see that M is torsion implies that ϕ(M) is torsion. Let us assume that
M is non-torsion. Then there exist b ∈ P1(k) and p, q ∈ Yb(k) such that Yb is smooth and
[p]− [q] ∈ Pic0(Yb) is non-torsion. Choose p and ϕ(p) as origins for Yb and Xb, respectively.
We can identify ϕ|Yb as the isogeny [n] : Jb → Jb, where [n] is the multiplication by n.
Under this identification, q is non-torsion, and thus ϕ(q) is non-torsion. It follows that
[ϕ(q)]− [ϕ(p)] ∈ Pic0(Xb) is non-torsion, so ϕ(M) ⊂ X is non-torsion.
Lemma 4.13. Let X be an elliptic K3 surface over a number field k with ρ(Xk) ≤ 19 and let
J be the associated Jacobian sheaf. Then there exists [Y ] ∈ H1(P1,J ) such that [X ] = p[Y ]
for some prime p and every rational multisection on Y is non-torsion.
Proof. From [BT00, Proposition 3.25] and [BT00, Lemma 3.26], one can conclude that there
exists a prime p ∤ ind(X) such that if [Y ] ∈ H1(P1,J ) satisfies p[Y ] = [X ] and p | ord([Y ]),
then every rational multisection of Y is non-torsion. By Proposition 4.11, such Y exists.
Lemma 4.14. Let X be an elliptic K3 surface over a number field k. Then there exists
a finite extension L/k of degree at most 482c20 such that there is a rational multisection
M⊂ XL defined over L.
Proof. By hypothesis, the group NS(X) contains primitive classes H and E where H is very
ample and E defines an elliptic fibration. They span a sublattice 〈H,E〉 ⊂ NS(X) with
intersection products (
2a r
r 0
)
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where a and r are positive integers. Now consider the class L := rH − aE. It is easy to
verify that L2 = 0 and L · H = ar > 0. Over the algebraic closure k, these two relations
imply that there exists positive integers m0, . . . , mℓ such that
L = m0E
′ +
ℓ∑
i=1
miCi ∈ NS(Xk)
where E ′ is represented by an elliptic curve and each Ci is the class of a (−2)-curve. (See,
for example, [Huy16, Proposition 2.3.10 & Remark 8.2.13]. The assumption char(k) 6= 2, 3
is needed here.)
Let us denote the fibration defined by E as πE : X → P1 and the fibration defined by E ′
as πE′ : X → P1. We claim that πE admits a rational multisection given by
(a) one of the (−2)-curves Ci, where 1 ≤ i ≤ ℓ, or
(b) an irreducible component D of a singular fiber Xb of πE′ : X → P1 where χ(Xb) is
minimal among the singular fibers.
In the case that E = E ′, we have
ℓ∑
i=1
mi(Ci · E) = L · E = (rH − aE) · E = r
2 > 0.
Hence πE admits a multisection as in (a). Suppose that E 6= E ′ and that Ci is not a
multisection of πE for each i. Then
E ′ · E =
1
m0
(L · E) > 0.
Hence each fiber of πE′ is a multisection of πE . In particular, every singular fiber of πE′
contains an irreducible component that is a multisection of πE . The existence of D as in (b)
then follows from Lemma 4.1.
Now let us find the field extensions where the multisections as in (a) and (b) are defined.
By Lemma 4.5, there exists an extension L1/k of degree at most 48cρ ≤ 48c20 such that
NS(XL1)
∼= NS(Xk). Note that Ci for i = 1, . . . , ℓ are defined over L1 as they are (−2)-
curves. Therefore, the proof is done if we are in case (a). Suppose that we are in case (b).
Note that the class E ′, and thus the fibration πE′, is defined over L1. By Lemma 4.1, there
exists an extension L/L1 of degree at most 2χ(X) = 48 over which D is birational to P
1
L.
Moreover, [L : k] = [L : L1][L1 : k] = 48
2c20, so the proof is done.
Remark 4.15. In fact, Lemma 4.14 holds more generally over perfect fields k with char(k) 6=
2, 3 under the same proof.
Proposition 4.16. Let X be an elliptic K3 surface over a number field k with ρ(Xk) ≤ 19.
Then there exists an extension L/k of degree at most 482c20 and a non-torsion rational
multisection M⊂ XL over L.
Proof. By Lemma 4.13, there exists [Y ] ∈ H1(P1,J ) such that [X ] = p[Y ] for some prime
p and every rational multisection on Y is non-torsion. By Lemma 4.14, there exists an
extension L/k of degree at most 482c20 and a rational multisection M ⊂ YL. Since M is
non-torsion, its image under YL 99K XL is also non-torsion by Lemma 4.12. Hence we obtain
a non-torsion rational multisection on XL.
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4.3 Proof of uniform potential density
Let us finish the proof of uniform potential density for elliptic K3 surfaces.
Theorem 4.17. For every elliptic K3 surface π : X → P1 over a number field k, there exists
an extension L/k of degree at most 4608c20 such that X(L) is dense in Zariski topology.
We proceed the proof in two parts, first assuming ρ(Xk) ≤ 19 and then ρ(Xk) = 20.
Following Shioda and Inose [SI77], we call a K3 surface X singular if ρ(Xk) attains the
maximal possible integer 20.
Proof of Theorem 4.17 for the nonsingular case. Assume ρ(Xk) ≤ 19. By Proposition 4.16,
there exists an extension L/k of degree at most 482c20 and a non-torsion rational multisection
M ⊂ XL defined over L. The normalization of M is a smooth rational curve, hence, upon
replacing L by a quadratic extension of itself if necessary, we can assume thatM(L) is dense
in ML. Now we have
[L : k] ≤ 2 · 482 · c20 = 4608c20.
Note that M defines a rational map
ϕ : X //❴❴❴ J := J(X)
by sending a point x ∈ Xk lying on a smooth fiber to
ϕ(x) := dM[x]− [Mπ(x)] ∈ Pic
0(Xπ(x))
where dM is the degree of M.
Let us work over L from now on. By Merel’s theorem (see, e.g. [Sil09, VIII, Theo-
rem 7.5.1]), there exists a constant N depending only on [L : Q] such that every elliptic
curve E defined over L satisfies
|Etor(L)| ≤ N.
For every positive integer n, the torsion points of order n on the fibers of Jk form a multi-
section Tn ⊂ J . Let us define
T :=
⋃
n≤N
Tn ⊂ J.
SinceM is non-torsion, there exists x, y ∈M(L) lying on the same smooth fiber Xπ(x) such
that [x]− [y] ∈ Pic0(Xπ(x)) is non-torsion. It follows that
ϕ(x)− ϕ(y) = dM([x]− [y]) ∈ Jπ(x)
is also non-torsion. This implies that ϕ(M) is not contained in T .
As a result, the intersection ϕ(M)∩T is zero-dimensional and thus contains only finitely
many closed points. Hence for all but finitely many z ∈M(L), the image ϕ(z) ∈ ϕ(M(L)) is
either of infinite order or torsion of order greater than α. The latter case is impossible due to
Merel’s theorem. Thus for all but finitely many z ∈M(L), the fiber Jπ(z) has infinitely many
L-points. Translating points in M(L) by points in Jπ(z) gives a dense subset of L-points on
XL.
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Proof of Theorem 4.17 for the singular case. Assume that ρ(Xk) = 20. By Lemma 4.5 and
Proposition 4.7, there exists a finite extension L/k of degree at most 48c20 such that
(i) NS(Xk)
∼= NS(XL), and that
(ii) every f ∈ Aut(Xk) satisfies f
n ∈ Aut(XL) for some integer n.
Note that every elliptic fibration on Xk is defined over L due to (i). According to [SI77, §5],
there exists an elliptic fibration
π : XL // P
1
which admits infinitely many sections over k. In other words, the generic fiber Xη, as a genus
one curve over L(P1), contains infinitely many rational points over K := k(P1). Consider
Xη as an elliptic curve over K. The Mordell–Weil theorem implies that Xη(K) is finitely
generated, so there exists Σ ∈ Xη(K) that is non-torsion. Translation by Σ induces an
automorphism σ ∈ Aut(Xk) of infinite order. Using (ii) above, we conclude that there exists
an integer n such that
τ := σn ∈ Aut(XL)
which is again of infinite order. Note that τ can also be considered as an automorphism on
the genus one curve Xη.
By Lemma 4.14, after an extension L′/L of degree at most 48, there exists a rational
multisection M over L′. Extending by a quadratic extension if necessary, we can assume
that M(L′) is infinite. Let M′ ∼= P1L′ be the normalization of M and consider the base
change
X˜ :=M′ ×P1 XL′

// XL′
π

M′ // P1.
Let ξ denote the generic point of M′. Then the generic fiber X˜ξ can be seen as an elliptic
curve since X˜ admits a section
M˜ :=M′ ×P1 M.
Moreover, τ induces an automorphism τ˜ on X˜ of infinite order which acts on X˜ξ as an
automorphism of a genus one curve.
The orbit of M˜ξ as a point on X˜ξ under τ˜ is infinite. Indeed, if not, then τ˜ ℓ(M˜ξ) = M˜ξ for
some integer ℓ, hence τ ℓ acts as an automorphism on the elliptic curve (X˜ξ,M˜ξ). However,
the automorphism group of an elliptic curve is finite [Sil09, III, Theorem 10.1], which implies
that τ˜ is of finite order, contradiction. As a consequence, the orbit of M˜ξ is infinite. It
follows that the orbit of the set M˜(L′) under τ˜ is dense in X˜. This produces a dense subset
of L′-rational points on XL′ via the morphism X˜ → XL′ . Note that
[L′ : k] = [L′ : L][L : k] ≤ 2 · 482 · c20 = 4608c20
so we finish the proof.
Let us end this section with a short discussion about the uniform potential density for
the Calabi–Yau threefolds studied in [BHPT18].
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Remark 4.18. Let X be a Calabi–Yau threefold over a number field k admitting an abelian
surface fibration f : X −→ P1 with a section. Suppose that X has an effective movable
non-big divisor D such that f does not factor through the Iitaka fibration of D birationally.
By the proof of [BHPT18, Theorem 4.2], the D-MMP produces a sequence of D-flops
φD : X
∼
//❴❴❴ X˜
over a finite extension L/k such that X˜ admits a fibration in either elliptic curves, abelian
surfaces, or elliptic K3 surfaces, and a general such fiber is not contracted by f after taking
its strict transform to X via φD. One can observe that uniform potential density holds for
a collection of such X provided that the degree of the defining field of φD can be bounded.
This is indeed true for the examples in [BHPT18, §5–§10] as the map φD constructed in each
of these examples involves at most two flops.
5 Brauer groups and uniform potential density
In this section, we show that uniform potential density holds for a collection of varieties
provided that certain conjectures related to the Brauer–Manin obstruction hold.
5.1 Brauer–Manin obstructions and related conjectures
For a comprehensive introduction to the Brauer–Manin obstruction, we refer the reader to
[Sko01, §5] or [CTS19, §12]. Let us recall only necessary definitions here. Given a smooth
and geometrically integral variety X over a number field k, we consider its Brauer group
Br(X) and the following groups
Br0(X) := im(Br(k) −→ Br(X))
Br1(X) := ker(Br(X) −→ Br(Xk)).
Let Ωk be the set of places of k. Each v ∈ Ωk induces a homomorphism
invv : Br(kv)


// Q/Z
called a local invariant. It is an isomorphism if v is finite, identifies Br(kv) with
1
2
Z/Z if v is
real, and is the zero map if v is complex. Using this, we can define the adelic Brauer–Manin
paring
Br(X)×X(Ak) // Q/Z
(α, {xv})
✤
//
∑
v∈Ωk
invv(α(xv)).
(5.1)
This pairing is trivial on Br0(X), so it can be considered as a pairing between Br(X)/Br0(X)
and X(Ak) as well. The subset in X(Ak) orthogonal to all elements in Br(X) under this
pairing is denoted as X(Ak)
Br.
Let C = {(X, k)} be a collection of smooth and geometrically integral varieties X over
number fields k. Recall that C satisfies
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• (UBEB) Uniform boundedness of exponent for Brauer groups if, for every integer d > 0,
there exists a constant cd such that cdα = 0 for all α ∈ Br(XL)/Br0(XL) whereX/k ∈ C
and L/k is an extension such that [L : k] ≤ d;
• (BMWA) Brauer–Manin obstruction is the only one to weak approximation if for all
X/k ∈ C and finite extension L/k, we have X(L) dense in X(AL)Br.
• (UPLS) Uniform potential local solubility if, there exists a constant c such that for
all X/k ∈ C, there exists an extension L/k of degree ≤ c such that XL is everywhere
locally soluble.
For example, the collection C of geometrically rational surfaces over number fields satisfies
UBEB since this holds for del Pezzo surfaces (see e.g. [Cor07, Theorem 4.1] for a list of possi-
ble Brauer groups for del Pezzo surfaces) and conic bundles (see e.g. [CTS19, Lemma 10.2.2
& Proposition 10.2.3]). It is conjectured by Colliot-The´le`ne that if C consists of rationally
connected variety defined over number fields, then C satisfies BMWA [CT03, p.174]. Evi-
dently, uniform potential density for C implies UPLS.
For K3 surfaces over number fields, Skorobogatov-Zarhin [SZ08, Theorem 1.2] proved
that Br(X)/Br0(X) is always finite. Drawing analogy from Merel’s theorem for elliptic
curves, Va´rilly-Alvarado [VA17] further conjectured that a stronger condition than UBEB
holds when restricted to families of K3 surfaces based on the lattice structures of their
Ne´ron–Severi groups. See also [OS18], [CC18], and [OSZ18] for some progress towards this
conjecture.
Conjecture 5.1 ([VA17, Conjecture 4.6]). Fix an integer d > 0 and a primitive lattice ∆ in
the K3 lattice ΛK3 := U
⊕3 ⊕E8(−1)⊕2. Let C = {(X, k)} be the collection of K3 surfaces X
over number fields k satisfying NS(Xk) ≃ ∆ and [k : Q] ≤ d. Then there exists a constant
cd such that |Br(X)/Br0(X)| < cd for any X/k ∈ C;.
For BMWA, we have the following conjecture by Skorobogatov.
Conjecture 5.2 ([Sko09]). K3 sufaces over a number fields satisfy BMWA.
This conjecture was proved in the special case of Kummer surfaces assuming the finiteness
of the relevant Tate–Shafarevich groups [SSD05]. It is far from being proved in general, but
various computations have been done to support it, see, for example [Bri06].
5.2 A sufficient condition for uniform potential density
Our main result in this section relates UBEB, BMWA, and UPLS to uniform potential
density. We first show that one can control the growth of Brauer groups using UBEB. Many
variants of the following lemma have appeared in the literature, see Remark 5.4.
Lemma 5.3. Let X be a smooth projective geometrically integral variety over a number field
k such that Pic(Xk) is torsion free of finite rank, and that UBEB holds for X. For any
integer d, there exists an extension L/k such that for any extension K/k of degree d linearly
disjoint from L, the natural map
Br(X)/Br0(X) −→ Br(XK)/Br0(XK)
is an isomorphism.
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Proof. Since P := Pic(Xk) is finitely generated, the action by Gal(k/k) on P factors through
a finite quotient, say Gal(L/k). Since Gal(k/L) acts trivially on P , we have H1(L, P ) = 0.
By the inflation restriction exact sequence,
H1(Gal(L/k), P ) ≃ H1(k, P ), H2(Gal(L/k), P ) →֒ H2(k, P ). (5.2)
Let d > 0 be an integer. By the hypothesis on UBEB, there exists a constant cd such
that for every extension M/k of degree at most d,
Br(XM)/Br0(XM)[cd] = Br(XM)/Br0(XM). (5.3)
By [CTS19, Proposition 4.2.5], the set Br(Xk)[cd] is finite. Therefore, upon enlarging L by a
finite extension if necessary, we can assume that Gal(k/L) acts trivially on Br(Xk)[cd]. Let
K/k be a degree d extension linearly disjoint from L/k. Then
Br(Xk)[cd]
Gal(k/K) = Br(Xk)[cd]
Gal(k/k) (5.4)
The spectral sequence
Ep,q2 = H
p(k,Hq(Xk,Gm)) =⇒ H
p+q(X,Gm)
gives rise to the following exact sequence (see e.g. [CTS13, Proposition 1.3 (i)])
0 // H1(k, P ) // Br(X)/Br0(X) // Br(Xk)
Gal(k/k) // H2(k, P ). (5.5)
Enlarging L by a finite extension if necessary, we assume that the image of Br(Xk)[cd]
Gal(k/k)
lies in H2(Gal(L/k), P ). Replacing H i(k, P ) by H i(Gal(L/k), P ) in (5.5) and taking the
cd-torsion elements in (5.5) gives the following commutative diagram by functoriality,
H1(Gal(L/k), P )[cd]


//

Br(X)
Br0(X)
[cd] //

Br(Xk)
Gal(k/k)[cd] //

H2(Gal(L/k), P )

H1(Gal(LK/K), P )[cd ]


// Br(XK)
Br0(XK)
[cd] // Br(Xk)
Gal(k/K)[cd] // H
2(Gal(LK/K), P ).
From (5.4), we know that the third vertical map is an isomorphism. The first and last
vertical map is an isomorphism since Gal(L/k) ≃ Gal(LK/K) compatible with the action
on P . The third vertical map is an isomorphism on the cd-torsion parts by (5.4). Then the
five lemma implies that the second vertical map is an isomorphism on the cd-torsion parts,
from which we deduce it is an isomorphism on the entire group by (5.3).
Remark 5.4. Special cases of Lemma 5.3 have appeared in the literature for varieities where
UBEB is known. In [Lia13] and [Har97], the authors assumed the finiteness of the geometric
Brauer group Br(Xk). In [Ier19], Ieronymou proved it for K3 surfaces X , in which case it
follows from [OS18] that the X satisfies UBEB.
Theorem 5.5. Let C be a collection of smooth projective geometrically integral varieties X/k
over number fields such that H1(X,OX) = 0 and NS(Xk) is torsion-free of bounded rank. If
C satisfies UBEB, BMWA, and UPLS then it also satisfies uniform potential density.
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Proof. Using UPLS, up to a bounded extension of k, we can assume that Xk is everywhere
locally soluble. By UBEB, there exists an integer N such that for any X/k ∈ C, we have
N(Br(X)/Br0(X)) = 0.
As a corollary to Lemma 5.3, there exists an extension K/k of degree N such that
Br(X)/Br0(X) −→ Br(XK)/Br0(XK) (5.6)
is surjective.
We now show that X(AK)
Br 6= ∅. Let α ∈ Br(XK). By (5.6), there exists β ∈ Br(X)
that maps to α modulo Br0(XK). Since the Brauer–Manin pairing is trivial on Br0(XK),
we can assume without loss of generality that the image of β is in fact α. If w ∈ ΩK is a
place lying over v ∈ Ωk, then denote ew = [Kw : kv]. For any point xv ∈ X(kv) with image
xw ∈ X(Kw), we have the following commutative diagram.
Br(Xkv)
x∗v
//

Br(kv)
invv
//

Q/Z
×ew

Br(XKw)
x∗w
// Br(Kw)
invw
// Q/Z
Let (xv) ∈ X(Ak) with image (xw) ∈ X(AK). Using the diagram above, we have∑
w∈ΩK
invwα(xw) =
∑
v∈Ωk
∑
w|v
invwα(xw)
=
∑
v∈Ωk
∑
w|v
ewinvvβ(xv)
=
∑
v∈Ωk
N invvβ(xv) = 0.
The last equality follows from the fact that Nβ ∈ Br0(X). So (xw) ∈ X(AK)Br by the
Brauer–Manin pairing (5.1). Our hypothesis on BMWA says thatX(K) is dense inX(AK)
Br.
Since Br(XK)/Br0(XK) is finite, X(AK)
Br is a non-empty open subset inX(AK) in the adelic
topology. Hence X(K) must be Zariski dense.
Corollary 5.6. Fix a primitive lattice L ⊂ ΛK3 and integer d > 0. Let C = {(X, k)} be
the collection of all K3 surfaces X over number fields k that are everywhere locally soluble,
satisfying NS(X) ≃ L and [k : Q] ≤ d. Assume Conjectures 5.1 and 5.2. Then C satisfies
uniform potential density.
Proof. Apply Theorem 5.5 since K3 surfaces satisfy H1(X,OX) = 0 and NS(Xk) is torsion-
free of bounded rank.
31
REFERENCES
References
[Bar55] I. Barsotti, Un teorema di struttura per le varieta` gruppali, Atti Accad. Naz. Lincei Rend. Cl. Sci.
Fis. Mat. Nat. (8) 18 (1955), 43–50.
[BHPT18] F. Bogomolov, L. H. Halle, F. Pazuki, and S. Tanimoto, Abelian Calabi-Yau threefolds: Ne´ron
models and rational points, Math. Res. Lett. 25 (2018), no. 2, 367–392.
[Bor91] A. Borel, Linear algebraic groups, Second, Graduate Texts in Mathematics, vol. 126, Springer-
Verlag, New York, 1991.
[Bri06] M. Bright, Brauer groups of diagonal quartic surfaces, J. Symbolic Comput. 41 (2006), no. 5,
544–558.
[BT00] F. A. Bogomolov and Yu. Tschinkel, Density of rational points on elliptic K3 surfaces, Asian J.
Math. 4 (2000), no. 2, 351–368.
[BT72] A. Borel and J. Tits, Comple´ments a` l’article: “Groupes re´ductifs”, Inst. Hautes E´tudes Sci. Publ.
Math. 41 (1972), 253–276.
[CC18] A. Cadoret and F. Charles, A remark on uniform boundedness for brauer groups, to appear in
Algebraic Geometry (2018).
[CD89] F. R. Cossec and I. V. Dolgachev, Enriques surfaces. I, Progress in Mathematics, vol. 76,
Birkha¨user Boston, Inc., Boston, MA, 1989.
[CGP15] B. Conrad, O. Gabber, and G. Prasad, Pseudo-reductive groups, Second, New Mathematical
Monographs, vol. 26, Cambridge University Press, Cambridge, 2015.
[Che60] C. Chevalley, Une de´monstration d’un the´ore`me sur les groupes alge´briques, J. Math. Pures Appl.
(9) 39 (1960), 307–317.
[Con02] B. Conrad, A modern proof of Chevalley’s theorem on algebraic groups, J. Ramanujan Math. Soc.
17 (2002), no. 1, 1–18.
[Cor07] P. Corn, The Brauer-Manin obstruction on del Pezzo surfaces of degree 2, Proc. Lond. Math.
Soc. (3) 95 (2007), no. 3, 735–777.
[CT03] J.-L. Colliot-The´le`ne, Points rationnels sur les fibrations, Higher dimensional varieties and ratio-
nal points (Budapest, 2001), 2003, pp. 171–221.
[CTS13] J.-L. Colliot-The´le`ne and A. N. Skorobogatov, Descente galoisienne sur le groupe de Brauer, J.
Reine Angew. Math. 682 (2013), 141–165.
[CTS19] J.-L. Colliot-The´le`ne and A. N. Skorobogatov, The Brauer–Grothendieck group, 2019.
http://wwwf.imperial.ac.uk/∼anskor/brauer.pdf.
[Har97] D. Harari, Fle`ches de spe´cialisations en cohomologie e´tale et applications arithme´tiques, Bull.
Soc. Math. France 125 (1997), no. 2, 143–166.
[HT00] B. Hassett and Y. Tschinkel, Abelian fibrations and rational points on symmetric products, Inter-
nat. J. Math. 11 (2000), no. 9, 1163–1176.
[Huy16] D. Huybrechts, Lectures on K3 surfaces, Cambridge Studies in Advanced Mathematics, vol. 158,
Cambridge University Press, Cambridge, 2016.
[Ier19] E. Ieronymou, The Brauer–Manin obstruction for zero-cycles on K3 surfaces, Int. Math. Res.
Not. IMRN (2019).
[Kan94] E. Kani, Elliptic curves on abelian surfaces, Manuscripta Math. 84 (1994), no. 2, 199–223.
[KP02] J. Kuzmanovich and A. Pavlichenkov, Finite groups of matrices whose entries are integers, Amer.
Math. Monthly 109 (2002), no. 2, 173–186.
32
REFERENCES
[Kuw90] M. Kuwata, The field of definition of the Mordell-Weil group of an elliptic curve over a function
field, Compositio Math. 76 (1990), no. 3, 399–406.
[Lia13] Y. Liang, Arithmetic of 0-cycles on varieties defined over number fields, Ann. Sci. E´c. Norm.
Supe´r. (4) 46 (2013), no. 1, 35–56 (2013).
[Maz00] B. Mazur, Abelian varieties and the Mordell-Lang conjecture, Model theory, algebra, and geome-
try, 2000, pp. 199–227.
[Mil17] J. S. Milne, Algebraic groups, Cambridge Studies in Advanced Mathematics, vol. 170, Cambridge
University Press, Cambridge, 2017. The theory of group schemes of finite type over a field.
[Mil80] J. S. Milne, E´tale cohomology, Princeton Mathematical Series, vol. 33, Princeton University Press,
Princeton, N.J., 1980.
[Min87] H. Minkowski, Zur Theorie der positiven quadratischen Formen, J. Reine Angew. Math. 101
(1887), 196–202.
[Neu99] J. Neukirch, Algebraic number theory, Grundlehren der Mathematischen Wissenschaften [Funda-
mental Principles of Mathematical Sciences], vol. 322, Springer-Verlag, Berlin, 1999. Translated
from the 1992 German original and with a note by Norbert Schappacher, With a foreword by G.
Harder.
[NSW08] J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields, Second, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 323,
Springer-Verlag, Berlin, 2008.
[OS18] M. Orr and A. N. Skorobogatov, Finiteness theorems for K3 surfaces and abelian varieties of CM
type, Compos. Math. 154 (2018), no. 8, 1571–1592.
[OSZ18] M. Orr, A. N. Skorobogatov, and Y. Zarhin, On uniformity conjectures for abelian varieties and
k3 surfaces, to appear in American Journal of Mathematics (2018).
[Poo17] B. Poonen, Rational points on varieties, Graduate Studies in Mathematics, vol. 186, American
Mathematical Society, Providence, RI, 2017.
[Ros56] M. Rosenlicht, Some basic theorems on algebraic groups, Amer. J. Math. 78 (1956), 401–443.
[RY01] Z. Reichstein and B. Youssin, Splitting fields of G-varieties, Pacific J. Math. 200 (2001), no. 1,
207–249.
[San81] J.-J. Sansuc, Groupe de Brauer et arithme´tique des groupes alge´briques line´aires sur un corps de
nombres, J. Reine Angew. Math. 327 (1981), 12–80.
[SI77] T. Shioda and H. Inose, On singular K3 surfaces, Complex analysis and algebraic geometry,
1977, pp. 119–136.
[Sil09] J. H. Silverman, The arithmetic of elliptic curves, Second, Graduate Texts in Mathematics,
vol. 106, Springer, Dordrecht, 2009.
[Sil94] , Advanced topics in the arithmetic of elliptic curves, Graduate Texts in Mathematics,
vol. 151, Springer-Verlag, New York, 1994.
[Sko01] A. N. Skorobogatov, Torsors and rational points, Cambridge University Press, Cambridge, 2001.
Cambridge tracts in mathematics, 144.
[Sko09] , Diagonal quartic surfaces, Oberwolfach Reports 33 (2009), 76–79.
[SS10] M. Schu¨tt and T. Shioda, Elliptic surfaces, Algebraic geometry in East Asia—Seoul 2008, 2010,
pp. 51–160.
[SSD05] A. N. Skorobogatov and P. Swinnerton-Dyer, 2-descent on elliptic curves and rational points on
certain Kummer surfaces, Adv. Math. 198 (2005), no. 2, 448–483.
33
REFERENCES
[Ste65] R. Steinberg, Regular elements of semisimple algebraic groups, Inst. Hautes E´tudes Sci. Publ.
Math. 25 (1965), 49–80.
[SZ08] A. N. Skorobogatov and Y. G. Zarhin, A finiteness theorem for the Brauer group of abelian
varieties and K3 surfaces, J. Algebraic Geom. 17 (2008), no. 3, 481–502.
[Tit92] J. Tits, Sur les degre´s des extensions de corps de´ployant les groupes alge´briques simples, C. R.
Acad. Sci. Paris Se´r. I Math. 315 (1992), no. 11, 1131–1138.
[Tot04] B. Totaro, Splitting fields for E8-torsors, Duke Math. J. 121 (2004), no. 3, 425–455.
[VA17] A. Va´rilly-Alvarado, Arithmetic of K3 surfaces, Geometry over nonclosed fields, 2017,
pp. 197–248.
[vdG20] G. van der Geer, Abelian Varieties, 2020. http://gerard.vdgeer.net/AV.pdf.
K.-W. Lai, Department of Mathematics & Statistics
University of Massachusetts
Amherst, MA 01003, USA
lai@math.umass.edu
M. Nakahara, Department of Mathematics
University of Washington
Seattle, WA 98195, USA
mn75@uw.edu
34
